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methcds, and to determine the fsasibility of using 
theoretical impedance Punmclions im Une design Of Machine: 
foundations, the mechanical impedance of a tip-driven canti- 
lever bee:;n of uniform cross section was determined experi- 
mentally. This experimental impedance function is com- 
pared with a theoretical impedance function. Correlation 
oetween the two impedance functions is good at the first 
resonant and the first antiresonant frequencies. Attach- 
ment of the means of driving the cantilever beam and 
measurine its resultines motion appears to modify the 
nature of the structure and its response to an exciting 
force. she accuracy of the experimental impedance 
iicecrlon Is)tImToed by the accuracy of the phase angele 
determinations. A clamping jig for achieving experi- 
mentally the clamped end condition is descriped, ‘whe 
Watidity of the assumptions of linearity and nepligible 
Pomorie 18 €sbablisned qualitatively. A method of 
checking theoretical relations, experimental procedures 
aac proper functioning of instruments is also described. 

The author wishes to express his appreciation for the 
assistance and encouragement given hin in this investiga- 
meron by Professor Srdest K. Gatecomoe, Professor Willian. 
osmitn, mr. Kenneth smothersell and Mr. Robert Smith of the 
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sinusoidal voltage proportional 
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velocity magnitude 





capacitive reactance (X,= ) 
vy WG 


displacement in equation (8) 


distance from the clamped end 
of the beam in equation (1},) 


displacement magnitude 
mecnanical impedance 
mechanical impedance magnitude 


a phase angle. See equation 


(3-¢) 


receptance function. See 
equation (1) 


phase angle by which force leads 


acceleration in simple harmonic 
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nis study wes undertaken in order to gain facility 
in the use of necnanical impedance methods for tne analysis 
el forced vibrations of mechanical strictures 2 sccoud 
Objective was to determine, if possible, the feasibility 
of using theoretical impedance functions to check the 
design of structures such as machinery foundations. Suen 
a check could be used to avoid designins foundations 


Woilen have resonant frequencies at or near the exciting 
frequencies of the supported machine. It was proposed to 
determine the mechanical iipedance of a cantilever beam 
experimentally, and compere the resulting impedances 


function with the mechanical impedance derived 


encoretically. 


ie Mechanical linnedance 


meenanical impedance is a measure Of the Pvesis cance 
Suse Struccure to motion, Using mechanical impedance 
methods it is possible to describe the response of 
comolicated structures to exciting forces. the use of the 
classical method of differential equations to describe the 
response of such structures, (the hull of a submarine, for 


example,) would be difficult or impossible. 


t— 





Peete ee | eae B-og. israel a. Dew CoOnce Ou, w1Oe 1s. se 
an old one. It is 'old' in the sense that many mechanical 
engineers know sometvhine about it. At the same time, 


however, the evolution of the concept has been such thet 
the terminology for describing mechanical impedance has 
Deen Suamdard zed ony recent ui. Ree 2g 

the mechanical impedance concept will not be developed 
in this thesis since it has been developed in considerable 
detail in a number of references, some of which are Listed 
in the bibliography. | 2-10 | 

References 3, 4, 5 and 6 are particularly recommended 
to those to whom mechanical impedance is a new or 


Mel amniiiar concept . 


Mechanical impedance Z is defined as the complex 


ry 


ratio of force to velocity. Ee 5 | 
Ls 


== (1) 


< 


in the general case, both force F and velocity v are 
Bome Lex Tune tlions Ol the exciting frequency ff. Thus aa 
we use the complex notation 

— Food (wt + g) 2 


A ee Voed uh 


(3) 


equation (1) may be written 


Fo Foedbvt + 9g) Fed? . 
== oS OO SS J 
& Fat Zoe (1, ) 
V Voe Vo 





where . 5 


lS) TNO wei laude -0f gie excitene force, 
V. is the Maeailude of Lanes resulvina velLocii, . 


fie 


G=enwrt is tne ciremlar irequenc, of tne exci teas 
force: 


fd is the phase angle between force and velocity, 

Zo is tne magnitude of the mechanical impedance, and 

foe Zi » and g are all functions of the exciting 
iMigrexe Rul sielen'a tl. 

Ti it is assumed that the structure is linear and 
elastic, and that it is excited by a sinusoidally varying 
merce Of frequency f, the resulvine motion Of any pomgeeim 
we structure will be directly proportional to the exeiuiag 
force and at the same frequency. [5] 

In this study, the cantilever beam was excited 
sinusoidally and damping in the system was assumed to be 
Meeligibie. with these simplifications, equations (2)50 2%) 


and (lL) become 


a! 7 cos eee (5) 


V = Vg cos wt (6) 


>? z.. and @ are functions of the exciting 
> 


frequency f. 


where F V 
Oy 


Thus mechanical impedance is a frequency-dependent 
function which relates the force exciting a structure to 


the resultant motion of seme point instmerst ruc! 7c eee 





the force antesttiogi=e;, gee measured at the same point, the 


PaLiOwOt these two Suen ss cress gen lead Soe ee Oia 





impedance ..If they are measurédwab Gitterent polmisy eae 


ratio is jesignated a transfer impedance. Both driving- 


oT re ee ee 





> 


point and transfer imnedances were determined in tris 
SHELL Slyten 

It may be seen from equation (7) that the experimental 
determination of mechanical impedance involves the 


measurement of Bays Vis and g at each value of frequency f. 


moo lccuive Mags 


One advantage to exciting a structure sinusoidally is 
that displacement or acceleration may be observed instead 
of velocity. Displacement or acceleration amolitudes may 
then be converted to velocity amplitude by multiplying or 


miveding by dc) aS necessary in accordance with the {ollie 7 


X= Xp cos Ht (8) 
ee -wWX,. sin vt = Vg sin wt (9) 
ao ee cos wt = Ar COs (10) 


In this study, acceleration was observed in lieu of 
velocity. The ratio of sinusoidal exciting force to the 
resultant sinusoidal acceleration Of a pelnty 4242 Sstt2¢ 7 


is definei as effective mass, “. [2] This same ratio has 








also been veferred wo as ‘apparent mass' and ‘anparent 
! { a | 
Toh | c’ 
weiesnt. | : Ll | 
Paws 


“ PANCOS Her +o) 


i pace: 


ae ial 
a ay cos at MoZ : \ 


where as Pees ek and § are all functions of the 


0 ou 
exciting frequency ff. In this study, , end ea aioe 
complex since linearity and negligible damping Mave been 
assumed. 9 is the phase ancle between force and 
acceleration. It is the angle by which the sinusoidal 
exciting force leads the resultant sinusoidal 


eeceleration. 


It may be seen that 





Ig= at = — 2 = wy (12) 


eva that 


1.4 Recevtance Functions 


Prior to the recent standardization of terminology, 
fa 2 | a number of investigators (chiefly in Great 
Ber tain) used the ratio of force to disolacemens and tae 

reciprocal of this ratio to describe tne response of 


various structures to vibratory forces. | 12-15 | The 


ratio of force to displacement in a linear system has been 


5 





el wom 8 gure i pos: wide re rutio of aisplacemenz 
to fer ve nas Saaw aescrpises as an ‘adinittance’ or ~Precer— 
bance? Tore cio 1. 

In references 1) and 15 a number of receptance 
funcurons for beans in flexure are derived.) 1a 242.-— 
derivations linearity and teslicible damoigsg haves .ece 
assumed. these receptances are functions of the physical 
dimensions and properties of the beam and the frequency of 
Moe excicine force. They are developed {roam ae 
differential equations of motion for the beams. ihe 
recentance function for a tip-driven cantilever, wnich is 
derived in reference 14, was used as the theoretical basis 
mow oais investigation. SZquation (14) 18 a mMattemarie 


Pormulevion of this recentance funcvio0n. 


“7 (cos Oe COS ae) Se Fo(sin Ax - sizh x) 
“Fe > Et ae. ee 
= mar v ly 
Ov x iS a receptance function which is the ratio of the 
disolacemsnt at x to a harmonically varying force 
apolied at £, 
x is the distance from the cla™Mped end of the beam 
a Howto eires leneth of the bean 
hy rs rouns 's modulus 
il 1S .taAe moment of inertia Of sine Geoss) cect ue sou 
toe itlexural axis 
Ve. 22a? (18) 
ah 





Te egluler apejuency af tne exciting force 

is thd mass density 
i COs Ee COSh eee et (16) 
mn 

y ade 

He = Site = - “Sinn iL eg, 
7 
Fo = cos 2 cosh ‘£ eee 


1.5 Plotting Impedance Functions 


A convenient manner of presenting impedance, 
receptance and effective mass functions is to plot them as 
ordinates against frequency as abscissae, usually on 


logarithmic graph paper. Since the magnitudes of dynamic 


P 
stiffness _2 and effective mass _Y differ from the 
x a 
O 0 
a6 
magnitude of mechanical impedance a only by the factor ~, 
) 


meris possible to construct geraph paper on which any oF 
these three functions may be plotted as a function of 
frequency. The value of the other two functions may then 
Beweead cirectiy on appropriate scales. such srapl paper 
18 available commercially. The impedance curves in this 
thesis were originally plotted as ™ vs f curves and then 


replotted for reproduction herein as Z vs f curves. 


1.0 Froblems Involved in Obtaining Mathematical ind 
vonditions 





Amonre the@more challenirins yeoblems epcountered 2 
che exrerimental chase of this investigation were those 
concerned with (a) ap:roximatins the 'clamped' end 
cond: tion, and (5) -drivine the béeem an-agei rectum 
merpeniicular to its eaquilidsrium positwon withouvy toga 
Une beam signuticantly. Ihe manner in watemeraece 


problems were solved is considered in Sections 2.3 and 2.4. 
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2.1 sreliminary Investigation 


In order to gain familiarity with the instrumentation 
and to deterinine che validity of a number of theoretical 
melavulonshnips, the effective mass ot a cyPindricals bras. 
mass was determined. The results of this preliminary 
mivestigation may be found in section 3.2, 

ine arrangement for supporting and driving Vases ease 
Meco 2S illustrated in Fig. 1. whe force genemeton vse ime 
driving the brass mass (and subsequently in driving the 
cantilever beam) was a Goodmans Type 390A (permanen’s magnet) 
meeoravion Generator. 

An sandevco Model 2110 Impedance Head was used to 
Measure simultaneously the force transmitted to the brass 
mass and the resulting acceleration. This impedance head 
contains two piezoelectric crystal UCransducer elements. 

One of these acts as a force transducer; the other as an 
accelerometer. In Fig. 1, the Impedance head is shown 
mounted on a 4-in steel stud between two conically-shaped 
adapters, The 3}-in stud is connected to the drive spindle 
Suethe force generator oy means of a 2-in stud. 

Both the brass cylinder and the vibration generator 
mere suspended from the overhead by insans of steel wires. 


Turnouckles were used in the suspension system to align the 


axis of the brass mass with that of the vibration generator. 


g 
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the beam used in this investigation was a steel bean, 


the dimensions and properties of wnich are summarized below: 


c= free length (after clamping) = ]|3°700 0a 


b=width (distance parallel to 
neutral axis) = 1.992 am 


h=height (distance perpendicular 
tomm@emtral axis) 


! 


©. 501 aa 


0.232 lbm/in- 


1 


f=mass density 


| i 


3= Young's modulus 29.58 x she [eps 


eo tne Jlampirie Jig 


in order to approximate the clamped endeeo701 01 cnmmem 
the cantilever beam, a clamping jig was designed by the 
author and manufactured by the #ngineering School Machine 
Pop. lhnis clamping jig is shown assembled in Fig. 2 and 
Beeeassembled in Fig. 3. It is essentially a vice, the 
meeaing of which is provided by a universal testing machine 
miemer than by a power screw as On a@ Machinist's bench vice, 

The clamping jig consists of (1) a body or frame which 
was machined from a single viece of steel, (2) a rectangular 
base block, (3) two loading blocks which slide vertically 
within the frame, (4) two clamping blocks wnich slide hori- 
zontally on the base block, and (5) two loading buttons 


which transmit the load from the crosshead of the testing 


ae 
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A Load of Seiee: TSIRID0D lof wage uses tc Clamp tat end 
Of. the cantilever, At a-To(cine (recgucncy of »L0 eups. 
varying the load: frome, 00)" tO 2270 0e os Sinad sa, der lie ioe 
effect on the observed value of effective mass. 

The manner in which the clamping jig was actually 


Pied is illustrated in Figs. 4) ani 5, 


2.4 Jantilever Drive Arrangement 


Ideally, in this investigation, it would have been 
desirable to 

(a) drive the beam sinusoidally so that the driving 
force was always exerted perpendicular to the neutral axis 
eiecne beam in its equiliorium position, 

(o) without loading the beam by the attachment of any 
driving member or measuring instruments. 

The puryose of the first of the above two requirements 
immeco Obtain the postulated sinusoidal excitation. ‘the 
second is to pveserve the nature and hence the response of 
mee structure under consideration, namely a cantilever ocean. 

There are practical considerations which make it 
@eriicult if not impossible to realize either of the 
conditions indicated above. Very briefly, it is necessary 
wo Supply the driving force through some sort of anvattacn-— 


ment in order to set a quartitative measure of the driving 
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‘ores, ABSEHEhi omer; WIR Lo tae®>e@m @lters the character 
of the structure ta be nnalyzed. 

In this investigation two Gificventewiys sees eiecuEes 
were used, one a ‘direct! drive, and the other an ‘elastic 
hinge! drive. 

The direct drive, which is illustrated in Fie. lt, was 
sugcested by one investigator. | 16 | It 18 essential 


+ 


the same arrangement which was used to drive the cylindrical 


brass mass in the preliminary investigation. (3ee Section 


f-e 


2.1) One of the adapters was simply screwed into the end 
of the beam. The reasons for employing this direct drive 
rather than some other arrangement were that (a) it was 
simple, and (») there was reason to berieve that the 
elements in the drive between the impedance head and the 
beam could be treated as pure masses in correcting the 
observed effective mass. (It is difficult to evaluate 
the influence of elements in 4a irive arrangement which 
cannot be considered as pure masses.) 

The elastic hinge drive, which is illustwated in Mig. 5, 
mas sueeested by another engineer ee oS oean Sor 
providing for (a) rotation of the point of attachment and 
(b) protection of the vibration generator against bende 
moments avplied to its drive snindle as a result of this 
rotation, ‘the details of the elastic hinge drive and of 
the direct drive are illustrated in Fig 


a. 0. The impedance 


heed, one of the conically-shaped adapters, and the two nuts 
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Direct Drive.(Below) 
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Suown in tiie @i) |p perk) f the fi=Ure were also used with 
phe ' lirecU Sepive Gite Verte te ed in eke loners: ae 
Ol tire 1isure, 
Me. results obtained Usiiie sul ce eet oe aoa 
hinee drives may be found in Sections 3.2, 3.3, 3.4, and 


ae 


6,5 Arrangement for Obtaining Transfer Impedances 


As defined in Section 1.2, transfer impedance is the 
mavio of force to velocity in which these two quantities 
are measured at different points. Two transfer impedances 
were determined in this investication in order to get an 
madication of the linear behavior of the cantilever. “ws 


Bishop points out in reference 14, if the structure is 


mine ar, 


Cg = &% (19) 
Meelis, the ratio of the displacement at’ x due toma 
peeusoidally varying force actirg at é should be the same 
as the displacement at A due to @ sinusoidally varying 
merece applied at x. (This is a statement of the familiar 
reciprocity relation.) 

One transfer impeiance was obteined by driving at the 
end of the cantilever, as shown in Fig. S, and messuring the 


resulting acceleration at a foint four inches from the end 


of the beam. Force was measured usint the impedance head, 
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scc@lereete™. Une @ecelerometer was stud=mounted on an 
aluminum block naving a liamster of 7/3 in and a height of 
3/4 in. whe aluninum block was attached to the steel canti- 
lever with dental cement. 

The second transfer impedance was obtained by driving 
Stboa point four inches from the end of the weancl lever ane 
measuring the resultant acceleration at the ena of ane seem, 
The elastic hinge drive was used, the elastic hinge being 
attached to the beam by means of an aluminum 'T!', Force was 
measured with the impedance head an? acceleration with the 
model 2°15 accelerometer. 

The results of this phase of the investigation may be 


found in Section 3.5. 


2,6 Instrumentation 


the equipments used in measuring effective mass in 
this investisation can be considered as three separate 
eeannels cf instrumentation - an excitation channel, a 
Memece Channel, and an acceleration channel. 
(ae excitation chantel comsisted @f those lustrumentrs 
Meed in exciting the driven structure: 
a. oine wave generator 
b. Fower amplifier 


eo Virraraon <eneralor 
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id, w#lettraniao egudter or woniteriage the frequency of 
Gie> ibe hOn, 8nd 


e seters for monitoring the voltage and current to the 
vVioration generator. 


The force and acceleration channels were identical and 
€ensis cea o1 
a. Transducer (Impedance Head or Accelerometer) 
b. Gathode follower 
ec. Band pass filter 


G@, Cathode ray oscilloscope for monitoring voltage 
wave forms 


e. Vacuum tube voltmeter for measurins signal voltages. 

These three channels of instrumentation are shown 
schematically in Fig. 7. 

In order to determine the phase angle 9 between 
force and acceleration, it was necessary to modify the 
instrumentation shown in Fig. 7. Two different arrange- 
ments were used to measure phase angles, depending on the 
mein. Of Uistortion in the signals. If both Vin and ue 
were undistorted, the arrangement shown in Fig. 8 was used. 
One of the signals was connected to the vertical deflec- 
Bren circuit of a cathode ray oscilloscope and the other 
meet bo the horizontal deflection Ccirculvy. Since Vs and 


eh 


V were sinusoidal signals of the same frequency, the 

a 
mesultine Lissajous pattern was an ellipse. A simple lag 
network, which consisted of a variable resistance in series 


with a variable capacitance, was used to retard one of the 
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Fiz, 7. Block Diagram of Instrumentation for Determining 
the Magnitude of Bifecvtive Mass 
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Fig. 8. Block Diagram of Instrumentation for 
Measuring the Phase Angle 9 when lorce 
and Acceleration Signal Voltares are 
not Dis vorved 
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ihase Angle 98 when Force and/or Acceleration 
Signal Voltages are Distorted 
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Si fis witli. Mester fe over imprder to collapse the 
6GluEOSCG GO & Straight Line. thesamoun of tes ise mc -2nd 
capacitance inserted determined the anrle by which one 
signal was retarded in order to produce phase coincidence 
(positive slcpe of the collapsed ellipvse) or phase 
opposition (negative slope). A schematic diagram of the 
lag network and the development of the transfer function 
from wnich 98 was determined is contained in Appendix 3°. 
A simple switch was used to select which signal, Ven ong Vx 
would be retarded. 

When either or both of the sisnals from the impedance 
head were distorted, it was necessary to resort to a 
ciijplar but more tedious method for determining 6. he 
equipment arrangement for this alternate procedure, which 
MemoiOwnl in Mig. 9, includes a band pass filter to eliminave 
boe offending higher frequency components in the signal 
from the transducer. 

fhe procedure for measuring phase angles was similar 
to that outlined above for the arrangement shown in Fig. 8. 
However, in this case, two phase angles were determined at 
each frequency of vibration - one phase angle between Vien 
and a reference voltage Ne) and another phase angle between 
ee and V4. It was then necessary to compare these two 
Phase angles to determine 96, the phase angle by which 


force led acceleration. 


A complete list of the instrumentation used in this 


Investigation is contained in Appenlix A. 
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fhe arvancement for supoortine and exciwyns tae 
cylindrical brass mass used in the preliminary investi- 
gation was described in section 2.1. ‘this mass was vibrated 
i? Order to cain familiarity with the instrumenvauve gar. 
to determine the validity of a number of theoretical rela- 
m1onshnivs,  iIf the impedance head ana the means of 
erctaching it to the brass cylinder act as a pure mass, 
being perfectly rigid, the observed effective mass of the 


faeess cylinder corrected tor the mass of the driving 


should be equal to the actual mass of the cylinder. (See 
Appendix ).) The effective mass so determined should be a 
memrscanat function of frejuensy. Furthermore, the 
Sinusoidal acceleration of the mass should be in phase with 
the sinusoidal driving force. 

the results of this preliminary investigation are 
emown graphically in Fir. 19, where both effective inass ana 
Boese angle are plotted as a function of the exciting 
frequency. ine effective mass of the brass cylinder is 
essentially constant from 15-1300 cps. Above 1009 cps it 
increases until an antiresonant peak is reached at 3690 cps. 
The effective mass then decreases rapidly toward a 


resonance which presumably occurs above 1) kc. 
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Bae. 10. sifective Mass and Phase Angle as a Funcvion ce 
Frequency... Longitudinal, Viseravlomeoi aa 
Cylindrical Brass Mass. m = 6.99 lbm. 
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De pee y re. 1, © 1S DisvSbea ta the 
gacae fPuquenty scale as woserved effective mass. 98 is 
essentially zcoro from Ie cps to the 3600 cps ailvireco ian. 
peak at which it chaneres abruptly to approximately WO 
If there had been a resonant frequency below 10 kc, 
theoretically the phase angle would have shifted from 189° 
to O° at that frequency. Although a resonant 'valley' was 
not observed in this preliminary investigation, this 
mettern of phase angle shifts was observed waen aycenvit cr 
beam was vibrated. (See section 3.3.) The rate at which 
the phase angle changes with frequency gives a qualitative 
indication of the amount of damping in the system. A 
relatively small amount of damping is indicated by an 
Poeupt change such as that shown in Pie. 10. If there had 
been more damping in the system, the change would have been 
ore gradual. 

he average value of the effective mass of the brass 
cylinder below 1090 cps is about 6% less than the mass of 
the cylinder as determined by weighinz. ‘The 6% discrepancy 
noted here indicates the order of magnitude of the experi- 
Mental error which may be anticinated when exciting siall 
structures with this drive arrangement ani this impedance 
head. 

ie anairegonant pea at 3600 “cipcu a oO ae 
considered to be an antiresonant frequency of the brass mass, 


and the impedance head - adapter ‘package’ considered as a 


ay 
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indicates that the impedance which the impedance head ‘sees’ 
cna.iztes from an impedance which is ‘niass-like'’ beiow 

36000 cps to one which is '‘springe-Like' above thay frequency. 
mous, it appears thas, in addition bo the tiasa eimecre 

which were anticipated, there is a stiffness in the brass 
cylinder-impedance head system which influences the observed 
effective mass above 1009 cps. 

Vibration of the impedance nead - adavter ‘package! 
separately indicated that the antiresonant ‘'peak' observed 
in tig. 10 was not due to an antiresonance in this 
'package', or subsystem. Observation of force, accelera- 
tion and the phase angie between force and acceleration 
Serevgiished that this ‘package’, by itself, does act asma 
pure mass from 30 cps to 10,000 cps. Altnoush the observed 
effective mass of this 'package' varied between 0.730 and 
0.787 lbm between 30 cps and 7090 cps and increased to 
0.950 lbm at 10,000 eps, the chase angle 98 was essentially 
meaorunroushout the observed Irequency Tanize. 

ie illustrates the diftiiceulv, oF weasurias 
experimentally the impeiance of a purses mass. ‘he necessity 
eee piysically exciting the mass and of measuring force and 


velocity (acceleration in this case) requires the attachment 


@) 


or some means of driving the mass and measuring th 


resultant motion. Once these attachments have been made, 
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ine structure (and hence its respouss US an excitine force) 


has been shean@wed. Unis Ds fllustraved very ©. ceric) eae 
fies, 19. ne sane prosiem was encountered in determ ning 
drivingg@m>int ant transfer impedances of a cantilever beam. 


ey 


The sienificance of the curve (Fie, 10) obtaimed using 
the elastic hinge drive is explained in Section 3.h. 
the resulcvs illustraved in Pig. 1) are simmer ace 


Baose Oblainel by other investirators who used thisvimer 70 


as a check on the accuracy of their experimental procedures. 


Bee cantilever Beam - Direct Drive 


The arrangement for exciting the cantilever beam by 
means of the direct drive is described in Section 2.4 and 
melustrated in Fie. lL. 

The results of exciting the beam in this manner are 
shown graphically in Fig. il. ‘The lower of the two curves 
was Obtained using Bishon's receptance function which is 
discussed in Section 1.4. #quation (14) was used as the 
Sasis for the computer solution for effective mass as a 
meeteo10n Of frequency. Appendix 8 Is the compucver program 
march was used to calculate the points from whith the 
Meisorevical' curve was plotted. “4his them provides tne 
theoretical function with which tne experimentally-derived 


impedance function is compared, 
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Fig. ll. Driving-point Impedance as a Function of 
Frequency. Tip-driven Steel Cantilever Beam, 
13 in x 2 in x 0.5 in. Direct Drive.” Compared 
of saxperimental Results with Theoretical Function. 





Vute. °'° © t aorre ate tne wmperimental impedance 
function in Figg, ake wien tie theoretical fuveui9on.-2 2uUoer 
of features of thse curves become evident: 

a. The general sh:i.oe of tne curves, 

b. ‘the vertical displacement between the two curves, 

c. The greater number of resonances and antiresonances 
in the experimental curve, 

dad. the difference in frequency at which corresponding 
resonances (or antiresonances) occur on the two curves, and 

e. ‘Tne good correspondence between the two curves at the 
first antiresonant frequency. 
These features will be discussed in succeeding paragraphs 
of this section. The expsrimental curves oodtained using 
Pee direct drive (Fig. 11) and the elastic hinee drive 
(Fig. 13) are similar in several respects. Therefore, some 
of the remarks in the following discussion may also be 
considered under Section 3.1. 

One feature of the experimental curves in Fies., 11 and 

13 is the manner in which the resonant ‘valleys! and anti- 
resonant 'peaks!' alternate. This is a ceneral characteristic 
of impedance curves. ‘ne 'valleys' occur at frequencies at 
whicn the impedance of the structure (and hence its 
resistance to motion) is low. These 'valleys' correspond 
to resonant frequencies of the vibrating system. the 'peaks'! 
occur at frequencies at which the impedance of the structure 


is high. Therefore, they correscond to antiresonant 
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oc Wem: @: Vic Set Se fo  xperineibil. 
curve and the tngoretival curve in Piz. ll may be explainsd 
(i) the necessity of correcting observed values of 


> 


effective mass and pnase anales, 

(2) the accuracy with wnich these quantities can be 
measured, and 

(3) the ‘different structures! concept (presented below). 

Practically speaking, the impedance head used in this 

investigation measures the effective mass of the structure 
beyond the middle plane of the impedance head. In order to 
determine the effective mass of the cantilever beam, (or 
the brass cylinder in the preliminary investigation,) it 
was necessary to apply to tne observed effective mass a 
eerrection to account for the effective mass of the 
accelerometer end of the impedance head, the adapter and 
part of the 4-in mounting stud. the manner of making this 
correction is outlined in detail in Appendix VD (Sample 
Galculations}. Reference to equation (h-)) in Appendix v 
Miiicates the vector nature of tne correction method. Wery 
briefly, the effective mass of the impedance head - adapter 
'package' must be subtracted vectorially from the observed 
effective mass. ‘Thus, the etfective mass of the beam, by 
Mmescli, 16 a vector difference.  Sinte the correct rongie 


be aptlied to the observed effective mass is approximately 


oe 


Om} lan. “ile we sehebliest values Mt thserveld effective 








nas. 226 iim Sane Geier of marnittu#e, it 18 apparent 
tCNeae. tie Ter 'eeuww volbe of the siffervence between them 


a Ou s eae ehes 129, liom. The 
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[vector or Ziseseaic 
efilective mass at the first computed resonance in Fir, 11 
is about 107° ipm and, at the third computed resonance, 
komme ley 

With the instruments used in this investigation and 
the values of transducer sensitivities provided by the 
manufacturer, measurement of voltages Vp» and V, to three 
Sigenificant figures is about the best accurecy which may be 
expected, 

Thus, the Limitations imposed by tne instrumentation 


preclude a precise correlation of effective mass magnitudes. 
uifective mass coordinates are not indicated in Mig. 11; 

Mee tb 1S interesting to observe that all points on the 
theoretical curve above 528 cps have ordinates (effective 
mass) less than 107? lpm! 

The above discussion assumes that phase angles between 
merce and acceleration signal voltages can be Getermined 
With the same accuracy as the voltage measurements, 
Unfortunately, the chase angle measurements were even less 
precise than the voltare measurements. (A detailed 
discussion of the procedure for measurine phase angles and 


tie accuracies of these determinations is the subj jecr on 


section 3.3.) the inhewsnt limitations of Gace yreceanr-- 
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RON wc) , Pile Boysivirs Wass ancles make ©o0u 
COrrelavpon of ths ceimourves on Fic. ll even more, unli“ze..s 
Thus; “0-imey oe spserved thew, ii Senere wide 
eorrelation Sétween ecxmerimental anc thseoverical Vvaluca ee: 
impedance (effective mass) in this investigation is valid 
euealitatively buL nmol quantitatively. 
In comparinme the exnve~imental and the theoretical 
Tl, Lt iS iieportant bo Sear lim iid eae 


Serves in Fis 


puey cepresent impevance functions) for Gdillercnusulucumaeom 
The lower (theoretical) curve describes a mathematically- 
defined cantilever beam. For this beam, at the ‘built-in! 
or ‘clamped! end, the disnlacemient and tne slope are always 
@oro. At the ‘free! end, »oth bendinse moment and shear are 
mero, as developed in elementary strength of mateecials, 


the upper (experimental) curve describes an approximation 


to the mathematically-defined cantilever beam, and herein 


ies one of the princiral reasons for the difference in the 
appearance of the two curves. 


ie practice, the cailvilever oeam Usec™im Eaie Gnveoui 
sation only approximated the mathematically-defined canti- 
Pever for the following reasons: 
I Althoueh the clamping jie worked very well, it did nou 
terminate the beam in an infinite impedence (as it should 
have done ileally). shen vibrating at the first resonant 


frequency, even with modest power input to the vibration 


generator, the whcle Lestine machine, by means of which the 


3H. 





al at . ; i aA L : : pee Say Cg fills). Pw wed Lhe 


ems tio: Miechims is a potver massive structure. 
as jith the direc: drive, the cantilever was driven at a 
point about J.4J00 in from the-end of the beam. The manner 


of attaching the impedance head 'package!' to the beam was the 
eontrollinge factor in selectine the driving poilaty once 
the adapters was simply screwed into the end of the beam. 
(See Section 2.4 and Fig. h.) ‘The distance from the 
clamping blocks to the center line of the threaded portion 
of the adapter was 13.00 in. Thnus, the free length of the 
beam was about 13.40 in. The theoretical curve is based on 
a free length of 13.00 in. In addition to the difference in 
lengths, it is also apparent that the physical structure 
represented by tne experimental curve is not a tip-driven 
cantilever. The driving point is actually inboard of the 
end of the beam about 0,00 in. 

3. Attaching the impedance head 'package!' and the 
vibration generator to the end of the beam was necessary 
in order to excite the beam and to measure both the 
exciting force and the resultant motion. However, by so 
doing, the freedom of motion of the end of the beam and the 
mewy Navure of the structure were modified. This is very 
important. The manner in which the attachment of this 
@riving-measuring structure affects the response of the 
driven structure is clearly indicated in the results of the 


preliminary investigati-n (Section 3.1) in which a mass 
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Fio lt) The consescuence of such an 
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of tne veam. (Se 
altachnient was that thse sinusoidal excitins force was 
always exerted pervenlicular to the en: of tne beam. the 
tneoretical curve is predicated on application of the 


orce perreniicular to the neutral axis of the 


ry 


exciting 
mean in its eguilibrium position. One o1 tne practical 
consequences of this drive arranvement was a rather violent 
lateral vibration of the vibration senerator at frequencies 
below 28 eps due to the rotation of the end of the beam. 

Ine greater umber o: resonances and antiresonances 
in the experl..ental curve anid the diffcreice in frequencies 
eo which corresponiing resonances and antiresonances occur 
on the two curves may ve explained by the ‘different 
structures! discussion presented above. Jhen additional 
elements are adds: to a vibratines system, the number of 
degrees of freedom and the nuniver of ratural frequencies of 
the system are increased. 

uven though the nature of the structure has been 
changed, there ave well-defined resonances and anti- 
resonances in the experimental curve in Pig. ll which 
correspond to the resonances and antiresonances in the 
theoretical curve. This correlation is summarized in the 


following tuble. 
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there is very good corre- 


meet between the impedance Magnitudes On the two curves 


Mees iS particulerly sisnificant because this is the one 
Prequency at which the theoretical curve penetrates the 
domain of the experimental curve. Good correlation at this 
point lends creditility to the method of measuring the 


impedance anu the accuracy 


3.3 


of the measurin=s Istria” 


rhase Angie Vetermlinations - Direct Urive 


the phase at@sle data §-esented in this secDismt Bre 
those cbhtained b® excitiwee the cantitever Beem deséei1 980 in 
mee 1ON ¢-.c WiDEMS5S siPpeay drive illustrated T= epitey @, 
Maile tht dete Wewbale WRIW te the cantilever meaem, “se 
accompanyinz discussict tisetieins to phase an=Le de™er- 
Iminations i gemeral, sscisw YLoe instruments anil esUtepren Ee 
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: = edi a. 1 “ Cab oo a & 
Aiea ay iittea tJ | , le Ae hee irern chi Levee 
beam exOl Per 2t its PY, Pe Mesine "hie ‘Girect' drive 


arrangemstit described in Section 2,4. Ihe phase angles in 
Fig. l2 ere 'corvected' pitase angles. that is, the obser ved 
phase angies nave been corrected to accrvunt for tne 
effective mass of tne impedance head - adapter combination. 


ase angle data shown in Fig. le mist oe considered 
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With the experimiental impeaance magnitude data shown in 
Fig. ll to get a conmiete picture of the experimentall ;- 
determined impedance of this cantilever beam. (it witli be 


recalled tnat both Magnitude and unase angle information are 





Memwipred for the complete soeciiication Of impedence || 
fn examination of Figs. it and le indicates that tde 


thase angle ~ does, in fact, change from Doe throupa Oe 
90° in the vicinity of a resonance, as liwpedance theory 
predicts. |5]| ‘the vapid rate of change of g with 
PrequsavMe da tthe vicithew® .f @ resomuynce Or antivres ; ames 
Peniirms gonlitativel,y the validity of the assumpCinm WY 
negligible dampine. 

fhe phase angle $% is 2/0° on!y at frequencies “eli 
mre | 1irst @eSonance.  Treauencies oetween each anv: 


resonance ani the next Maleteedinme cesonance, there eve 


angle only approaches: 27oOr. ‘his is due to the 'sharpeiga" 
Of the resonances BMP maT TUesU -a%icws, 4@ni the mantie@e im 
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far » bess ageles ietvted in Figs. 10 and le appeur to 
be Paasouably well-ucimgved. However, apoearances are 
deceptive. Yoe Dhase an@le data in this thesis investi- 
Satmon were the leastwprecise of all the data Uaxen. since 


the co 
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rected .nagnituies of impedance (or effective mass) 
are Gependent on the ohase anzle, Lack of precision in 
determining these phase angles reduces the accuracy with 
which impedance maenitudes may be reliably determined, In 
succeeding paragraphs, the procedures used for obtaining 
and reducing chase anrle data will be discussed. Sueges- 
Mons are also included for subsequent investieations. 

Yhe instrumentation and procedures used in deter- 
Mining pnase angles in this investigation are described in 
Section 2.6. Figs. 7, % and 9 are block diagrams which 
illustrate the eyuirment arrangements used, aA list of 
equipment and instrunents used in this thesis is contained 
Moeeeendix A. A détailed derivation of the equations for 
detecminine phese anrles may be fourd in Apoendix 4. samole 
calculations of phase angles, using both equioment arrange- 
ments desecrivel in section 2.6, are included in Appeniix >». 

AS indicated ivy jecstiryn 2.6, the procedure for Jetér- 
micins ohase angeles was a point-by-npoint procedure, Thase 
angles were 10t) determined Continuously, but at selected 


frequencies at watch effective mass data nad been taken. 
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MrooceTere sew ived q@4 i Slow and tedious one. tthe ‘direct! 
metnod, usine the equipment arranzement shown in i'ig. &, 
required less tnan rwli the tiine required by the ‘indirect’ 
Procedure ilWMeeratei in Vig, 9. However, the sige we 
metvnon is cunsiderei they more accurate of the GWO roca a 
If tne procedives were surficiently acrurate, they would be 
Satisfactory fur ustemuining small numbers of phase angles 
at particular frequencies. ‘shen it is desired to determine 
a iadege nuilber ol phese aivles, the procedure anz the 
distrumeutatlion are WWisidered unsatisfactory. 

the phase abale 1 rocedure, in addition to being, slow, 


Mei reich to be desired as far as accuracy is concerned, 
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(3-5)) can be determined within 1° when is less tnan 
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apprvaches intially. civen frequency then, tile <rog Met 


Sf gf and SB musi. appimgOh infinity. this considera. 
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2 - > al O LJ 2 £1 £98 yo. © 
experimentai:y when t apcroeches 99. this dift Lebar 


was actually exPerIMcd. At frequencies in the VZb2ia y =p 
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minima. veel S SP SNEE ek Os found to cotlapse the ¢11 tile. 
However, m@eSstric J beyond this value would not produce 


a, ellincical Pipsajohks pattern as 16 would si Or sia bay a ce 
of  . “Jhus, at near-resonant sr=antiresonent 1 requc ieec. 
> and 040 were indeterminate, and it was necessary 2 aie 
the indirect inethod cf determining these phase angles. 
Altnoupn, the indirect method involved determining two 
Walues of = Vor each: value of 9 , it is considered the 
more accurate of the two phase angle procedures. It was 


used whenever V.. or ¥_ was distorted, when J was inceter- 
p ee 


Meets usius tne iilrect approach, or when there was some 
other reason to guesticn the value of & determined 

meee ctiy, It is difficult to even estimate the accuracy 

Of this method, ‘Some generalizations are possible, however. 
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ft is subject to the same limitation as the 


when the ancle between V.. (or ve) and tne Trelerences vel 72... 


; aes : n . 
Vj aoproacnes Gy’. Gunerwise, the accuracy of phase angles 


so determined appears to be constant and within about PR 
Once again, however, ti.ls figure represents only an 
educated suess. 

Mme CaleWleacions ¢otivained in Appendix 2 indicaves ine 
Poitererce in values of 9 odtained using the direct and 
indirect metho'ls. the fFreyvency selected for these samnle 
Balculations 18 ofe ab which a reléetively Laree diftfierence 


wes WSLeine 1. nen ©§ ras determined at cther irequedic ie. 





usa ‘ert: geetiwiiittis, tint differencogs were frequently 

ius Va =o) TP eendix 2 was Lhe besic equation 
used in re@@oin  eines® ancle data. the use of this eqQavien 
aid the Ma® ndcvork shéJdr schematically in Fig. l= l was 
pased on the assumpticn thet the resistances and capaci- 
tances introduced by this lag network would be large com-— 
pared to other resistarces and capacitances in the 
measuring circuits. Tne observations made below pive cause 
mo aount tne validity of this assumption. 

umpeoretically, tmeevalue of KU regutred to produce 
Pose coinciderce or Nase onppositicn at a tiven frequency 
Pould oe a coustare. Sich Was nou the<case in praclic-. 
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examole where this condition was 
Ooserved. These data were taken when driving the cantilever 


Deal. With the elasti 
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mhinsze drive arranrement at -l0U0 wpe. 
All of the ensrles were small, but the variation in Wc is 
considerable. in order that the results obtained would be 
reasonaobly consistent, t = lOOO onms was used whenever the 


elliztse could be collepsed with this velue of resistance. 
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One Lasic difference oetween the two experimental 
Perves snmla ¥8 emphasized, however. Ihe experimental 
meurve in fin, ll was plotted using corrected values of 


SitTe@tive uaSl, vhe veltues used in clottins effective maga 
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merived expefisiental!y7 by measuring force and acceleration 
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view.) 
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us A Ls - 7 Mesyures vibrated in tls thesis, 
iA, t ai ri-tW e and its response apfear to be 


aflecfed @énsuierably by attaching the means of driving 
the structure and measuring the driving force and 


Pest teont MeGion. Toe efieet of this atvrachmen s1- 7. 


rx 


the effective mass measured by the impedance head is not 


the effective mass of the structure being studied. It is 


the effective ma of tne system consisting of this 


Y 
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structure, the accelerometer end of the iinpedance head, and 
the elements of the d~iving arrangement between them. 

fhis atvachrient aprears to have introduced additional 
resonances ani antirescnances in the experimentally- 


jetermined immedance ruhctions, 


Et 


aes foes DOL Tcis investi gatioy, ) ime. use om 
meeoOreti cel impedance functions does not eopear toeeew 
reliasle method of flefernining the resinant frequencies of 
Sevickeress Such as inaciinery foundations, Whe diliicule 
excveriented in realizing a true cantilever beam under 
M2500ratory cone timns iniicates the likelinood of 4 
corresrondijigiv creester difficulty in describding 
tneoreticaliy «he s#ructural elements in a foundation, 
Indicatibis are that ahese members cannot be Jescriced Gy, 
SUtn simplified momeis. Uue to the mstnod of joining 


sur@eture!l el <wetee( it seens reasonable fo anticirale 


pie 





its tibeprecio om? eh Sonditions wilt not be realized 
Ln 2 actuals = uc l ee. it should be emphasized, nowever, 
[has Una s-Onservation is an extrapolaviem of thes eccoun. 
Of this investivatlioa.» [he evidence 15 not eonelp 7 
JOntinued investigation of this possibility 2opears ees ec 


Jlesira xdle. 


8. the difficulty of 'divorcing' the cantilever beam 
used in this investisation from the driving-measuring 
Structure indicates the possibility of encounte nim. 
Similar problems in other impedance measurements, and in 


the interpretation of ths results thereof. 


GS. ‘the elastic hinee drive was effective in reducing 
lateral vibrations of the vibration generator at low 
frequencies. However, the 'spring-like!'! behavior of the 
elastic hinge itself introduced the additional problem of 


@orrectin=s the observed data to account for this Senate 


19. Good correlation between the theoretically-derived 
impedance function and that determined experimentally was 
obtained only in the vicinity of the first resonance and 
the first antiresonance of the cantilever bean. At otner 
frequencies, correlation was adversely affected by (a) 
the accuracies of the phase angle determinations and 
signal voltage meesurements, and (») the resonances 


antroduced by attachi»- the drivine-méasuring struecvi eee 
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Nee alivy fess i bike repryancemh Usk, Lie ee 
wT ee Licr - Thje maj ve explainsi Pa ee oy Vaz 
FeIRAR-e to MPiuieve thermal equilibrium in tne slectronic 


instruments, ani (9) minor differences in the alignment 


of ths driving, measuring and driven structures. 


l2. Vibration of a nure mass provides an excellent 
method for checking theoretical relationshivs, experimental 
procedures, and the proper functionines of the “ieasvw7 


mas Llrunents. 


13. Lhe stndevco model 2119 impedance head appears to be 
setter suited to the ineasurement of the effective mass of 
structures larger (more massive) than those used in this 


PrivesLigaticn. 
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rhe rolLieaWine recommendations stem fron experience 


rained in this thesis investigation: 


oo. that a suitaole portion of each Invroducrem scours 
in mechanical vibrations be devoted to instruction in 
mechanical impedance methods. ‘coverage should include 
fundamental concepts, four pole parameter methods and at 
least one laboratory exercise to gain familiarity with 


impedance measuring instruments and techniques. 


2. that graduate students be encouraged to pursue 
research, both theoretical and experimental, directed 
toward the solution of steady state vibration problems 


using mechanical impedance methods. 


3. That more precise metnods of determining phase 


angles be investigated. 


py net practical methods of obtaining contimucw wad 
direct readout of both impedance magnitude and phase angle 


information be investigated. 


— 


-, That additional research be directed toward the use 
of tneoretical imreiance functions es an adjunct to the 


Wesicocn of foundation-like structures. 
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model UF-101 
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eRe Ee. ce: 
JGRIVATION OF wsQUAlTIONs FOR DiTHRMINING PHAS@® ANGUS 


Fig, 1-C is the circuit diagram of the lag network used 
in determining the phase angle by which one signal voltage 
Was retarded im order to bring it into phase Co'mmetmdence. 


(or phase opposition) with a second signal voltage. 
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pt —9 
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Fig. l-v. Lag Network for Determining Phase Angles 


de Y C 


Using loop current methods 


V 





As 
= Gr c 
Rh = jXo 
Vo = i(-jxs) = 2 (5x,) = —— SV 
R- jXo R rary een +L 
~ jx» 
(2-0) 


It follows from equation (2-C) that V5 lags V, by the 


angle 


(Lo arerpoanea ne ‘eres 


In Section 1.3, 9 is defined as the angle by which 





APPENULA C 


aa} ; e f 
farce lead™ acceleration. 


if the two sicnal voltages mentioned above are Vp and 
Ve, and if the two signals are brought into phase by the lag 
network, (indicated by a positive slope of the major a. smc. 


the ellipse on the oscilloscope, ) 


@ =180° (due to polarity of impedance head signals) + @ 
(lj-C) 
if Vp is retarded, See Fig. 2-C. 
@ =180° (due to polarity of impedance head signals} - a 


(5-C) 


if V, is retarded, See Fig. 3-C. 


If the two signals are brought into phase opposition by the 
lag network, (indicated by a negative slope of the major 


axis of the ellipse on the oscilloscope, ) 


@ = 0° (due to polarity of impedance head signals) +P 
(C26) 


ie elo Cevarded.) see Mig. liaC. 


9 =0° (due to polarity of impedance head signals) - 
(7-C) 


if V, is retarded. See Fig. 5-¢. 
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' 180° »' 
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Fig. 2-v. 


Phase Angle 


Determination. Positive 
Slope. Vp Retarded, 


6 =180° + & 


Fig. -C. 


Phase Angle 


Determination. Negative 


SLODe, Vp 
9=— 


Retarded, 





Pie aise 


Slope. ve 
ee sie 


Phase Angle 
Determination, Positive 


Retarded, 
= Ne 


Phase Angle 


Determination. Negative 


Vo 
Fig. nn Oe 
Slope. ee 

ea Oe 


Retarded, 





it is necéssary to add (or subtract) 180° to phase 
angles determined by comparing V., and tb as they come from 
the impedance head. ‘The explanation for this lies in the 
Manner an weiehn the piezoelectric crystal tranccpce, 


etetien ls /Aresmounted itt the impedances ieads 19 | 
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STPaNULA 
SAMPLS CALCULATIONS 


The calculations contained in this appendix are pro- 
vided to illustrate the method of determining experimentally 
the effective mass of the cantilever beam described in 
pection 2.2. “Ine calculations given below are’ those required 
to determine one point on the M vs f curve from which Fig. 

11 was plotted, and one point on the ¢ vs f curve (Fig. 12), 


for the direct drive configuration illustrated in Fig. h. 


The symbols used in these calculations which were not 


included in the Table of Symbols are defined as follows: 


mUDSCripts 

a acceleration channel 

b beam 

o Correction 

F force channel 

O observed 

S supplied by manufacturer 
t transducer 

Xx external 
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rh ak: No A 


tne fwllLewitrs dgQenh were taken at the data point 
selecied for these calculations. Sensitivities and vtner 
cnaracteristics of tne instrumentation which are required 


for the calculations are also included, 


G_ = 9.857 evden ior 

ne 20 7 Sep = 997 pt 

Esq = 51.5 rms mv/peak g en pie n= 

day = 5.00 rms mv/peak lbf Cys 109 pf 

f = 379 cps R = 1000 ohms 

Vo = 13,7 mv rms GC = 2,6 x oe! eee 

fa 06.0 my rais slope of ellipse: negative 


Mes retarded 


The 'G# ratio' given in equation (1-)) was defined to 
Peeilitate tre calculations. This ratio remains tae same 
for any given drive arrangement and combination of insvru- 


ments. | 19 | 


ee a= Ce Seat hte oO) ea a 
(G2) Gp icone t Cyal Ropl oer t 100) 





_ 9,857 51.5 rms mv (1676 + 100)pf,. peak lbr 
0 Coglee Wile to ato) pte 00 ris my 
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($97 + 109) pr 
(sor, pelo): Or 


GE ratio = 10.33 peak ibf 


peak 9 
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[The Woserved effective mass M, 1s dstermined usitig 


equation) ims oeorron, | a8 


By Va Go ratio 
1 nee ee ae 

Ao Va 

133 (my ins 10.33 peak tof 2.15 peak 1bt 
66.0 mv rims peak g peak g 


(2-D) 


Mo — 


MH 2.15 lbm 


li 


O 


The phase angle JU, associated with Mp, is determined 
by Ww, R, G, the slope of the ellipse, and the signal 
voltage which is retarded. These relations are developed 


in Appendix C. 


WW 
t 
C2 


Oe sec vane ene ( 


Q = arctan (277 )(379 cps)({1000 ohms)(2.6 x 107! farad) 


arctan 0.6018 


Pie 


I 


2) 
| 


Some O° - A = ~319 bh! Gee 


The effective mass of the beam M, and the phase angle 


associated with it 90,, are determined from the following 


equation: | 19 | 


Med 9p - Med Go Maes 8¢ (3-D) 
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dic Selle Ne afWwoen the ifmpvedwanmce head and tlle 
sod aciug @B @ pure tinss, the value of ti, in equation (3-9) 
is the sum ol" the effective mass of the acceleromcier end 
of che impedance néad, whe Mass of the adanvey, and the iress 


Of theav wart of the steel stud beuwecen tre Ceémecr y la1emo” 


Irs 


the impcdance head and the beam, | 1é | it wae Veer ve 
experimenvally thav tnis ‘package’ did, in fact, se 0Resrs 


pure Mass. At 379 cps, “4. = 9.743 lbm and 9, = 0%. 
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Pouition (3-4) cam alse be written 


a“ 
a 


J Yb = 2.15 lom ces (-31°h') 4 fe.15 Lon sin (Soa 
- 9.7):3 lpm cos 0° 
Jbm - 0.743 lbm 


= 1,99 Inm - 
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& respectively. 


Ig Order wo check tne yalieror ele devermineca anove, 
a second determination was made using the alternate 


('indirect!) procedure described in Section 2.6. ‘The data 

















et Laeug | - UTlaet sceocnu @elemrinativire acc uap- 

y Zc) a * ni git Wee. 6 a 
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fetarded Jidicse { =nmis) (Tareds) ine 

Va ne cative 160 oa © Conte ONnyg 

— e * Ne i rl 7 \ aah 

ln pesitive 1009 Ske ee LS BOC TS 
Pole 1-), WwWata and Wateulations for Determining o5 by 

the Alternate Procedure Described in Secticn 


205. Gist. 3/5 Cos. 


| . a 
39°12! eke VG O if 
O° ¢ | meg =.= 3023 
ee | a & eee 
a } — 
p | 
180°% 


Big. 1-J. welermination cf ©, at f = 379 cps by 
Comparing Vp and ve with a Reference Volvage Vj; 


aan F { 
9, = -38°23". 
At this frequency, and with the above data, there was 
no reason to think that one of the phase angles so deter- 
mined was more accurate than the other. Tne difference of 


: ' e e . Ld t @ s rt 
6°39' is indicative cf the accuracy to which phase angles 


CQ 





ree tN DLx D 


if tuls Mager uitede can be determine using the procedures 
wiich were usec in this investigation, This points up 

tne need for a more precise method of phase angle deter- 
mination. For amore detailed discussion of the errors 


qq e 


involved in phase angle observations, see Section 3.3. 
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